Abstract In this paper, a ®nite element procedure to determine a fracture parameter J ld is presented for welded structures with consideration of residual stresses. The method is based on the energy difference of two cracked solids with slightly different crack sizes. Our computational results show that J ld and the J integral agree well for a cracked plate without consideration of residual stresses. When the residual stresses are considered, the values of J ld for different contours close to the crack tip in the cracked plate subject to remote tensile stresses are in good agreement. The computational results also indicate that for the given residual stress distribution, the values of J ld with consideration of residual stresses are lower than those without consideration of residual stresses for the cracked plate subject to large remote tensile stresses.
Introduction
The path independent J integral proposed by Rice (1968a, b) for deformation plasticity (nonlinear elastic) materials has been used widely used to characterize the crack-tip stress and strain ®elds. The j integral represents the energy release rate for deformation plasticity (nonlinear elastic) cracked solids. The energy release rate is de®ned as the decrease of the potential energy per unit area of crack advance. Begley and Landes (1972a, b) obtained the values of J from the load-displacement curves of multiple cracked specimens based on the concept of the energy release rate. To compute the values of J by ®nite element methods, Parks (1974) and Hellen (1975) proposed the virtual crack extension method based on the change of the ®nite element stiffness matrix with respect to the crack length for linear elastic materials. Parks (1977) generalized the stiffness derivative ®nite element technique to determine the values of J for nonlinear elastic materials. The generalized method is based on the energy difference of two cracked bodies with slightly different crack sizes. It should be noted that this technique requires only one nonlinear ®nite element solution. deLorenzi (1982) derived an analytical expression for the energy release rate by using the virtual crack extension method from a continuum mechanics viewpoint. Shih et al. (1986) , Moran and Shih (1987), and Nikishkov and Atluri (1987a, b) developed the domain integral method to evaluate the J integral. A more detailed discussion of various methods can be found in Atluri (1997) . The expression for the domain integral method is consistent with that obtained by deLorenzi (1982) when the smooth function q used in the domain integral method is interpreted as the normalized virtual displacement. Atluri et al. (1984) presented incremental path-independent integrals for elastic-plastic materials. Both quasi-static and dynamic fracture conditions were considered in their study. Brust et al. (1986) examined a fracture parameter T* after a cycle of loading and unloading to zero load followed by reloading. Wang et al. (1997) examined the T* parameter in the context of stable crack growth in aircraft structures. The results of their combined numerical and experimental study showed that T* accurately predicted the fracture behavior under unloading and reloading conditions. Nakagaki et al. (1989) conducted a combined experimental and analytical study of ductile crack growth in tungsten inert gas (TIG) weld stainless steel specimens. In their ®nite element analysis, they showed that J is path dependent due to the stress and strain nonproportionality associated with the local unloading due to crack growth, whereas DT Ã p and J are path independent. During the welding processes, weld metals and, possibly, adjacent base metals are heated above the melting temperature and then solidify. After the welding processes, large residual stresses may develop in the welds and the heat affected zones (HAZs) due to thermoelastic-plastic deformation. Under service loading conditions, cracks may be initiated and grown. When the plastic deformation becomes extensive near the crack tips due to large service loads, elastic-plastic fracture parameters are needed to characterize the fracture processes near the crack tips in these welded structures with residual stresses. Therefore, we proposed a ®nite element procedure to determine a potential fracture parameter J ld for welded structures with residual stresses. The procedure is based on the concept of the energy difference under the load-displacement curves of the two cracked solids with slightly different crack sizes.
Speci®cally, we perform a thermoelastic-plastic ®nite element analysis of the multi-pass welding process of two stainless steel plates under plane strain conditions. After the residual stresses are determined, a crack is introduced in the welded plate along the symmetry plane. Then remote tension is applied at the far ends of the welded plate. Because of the existence of residual stresses, the J integral for deformation plasticity (nonlinear elastic) materials may not be appropriate to characterize the crack-tip ®eld.
However, fracture parameters are needed to characterize the fracture processes near the tip. A local fracture parameter such as the crack tip opening angle (CTOA), a computationally convenient parameter, may be used (for example, see Hou et al., 1996) . Nevertheless, a fracture parameter based on conveniently measurable quantities such as the loads and displacements in experiments is more desirable. Therefore, we compute the values of J ld by the proposed ®nite element procedure for the cracked plate with consideration of residual stresses and explore the implications of J ld for characterization of the fracture processes near the crack tip.
Formulation
The J integral (Rice, 1968a) for nonlinear elastic materials can be expressed as
where C represents a counterclockwise contour around the crack tip from the lower crack face to the upper crack face, W is the strain energy density function, n 1 is the x 1 component of the unit outward normal vector to contour C, t i are the components of the traction, u i are the components of the displacement vector, and ds is the differential arc length of C. Here the summation convention is adopted for repeated indices. It has also been shown by Rice (1968b) that the J integral represents the energy release rate for deformation plasticity (nonlinear elastic) cracked solids. As shown in Fig. 1(a) , we consider a cracked plate of unit thickness with the crack length a. In the ®gure, P represents the load and u represents the loadpoint displacement.
For nonlinear elastic materials, J can be expressed as
Where P represents the potential energy expressed as
Here U is the strain energy stored in the body and is the area under the load-displacement curve. For nonlinear elastic materials,
where U Ã represents the complementary strain energy as
Thus, if the cracked plate is under load-controlled conditions, J is given by
Now, as shown in Fig. 1(a) , we consider two cracked bodies with the identical geometry except that the crack length of the second body is longer than that of the ®rst one by Da. We can schematically plot the load-displacement curves for the two cracked bodies in Fig. 1(b) . The shaded area DA as shown in Fig. 1(b) is the complementary strain energy difference of the two cracked bodies. Based on the concept discussed above, we consider a parameter J ld to represent the energy difference of two cracked bodies, normalized by a small difference of crack sizes, subject to the same loading history, even when the cracked bodies have signi®cant amount of residual stresses. Therefore, J ld for elastic-plastic materials with residual stresses is de®ned as
Our ®nite element procedure to determine J ld is based on the principle of virtual work. In the absence of the body force, the principle of virtual work is written as
where r ij are the stresses, d ij are the virtual strains, T j n i r ij are the components of the surface traction and du i are the virtual displacements. Since we consider elastic-plastic materials, we compute the ®nite element displacement incrementally. The principle of virtual work for 
